waves, which adopted a higher order spline interpolation scheme to specify the 6 pressure at the top-layer cells within a staggered grid framework.
1 Abstract: Depth-integrated nonhydrostatic models have been wildly used to simulate 9 propagation of waves. Yet, there lacks a well-documented theoretical framework that 10 can be used to assess the accuracy and scope of applications of these models and the 11 related numerical approaches. In this work, we carry out Stokes-type Fourier and 12 shoaling analyses to examine the linear and nonlinear properties of a popular 13 one-layer depth-integrated nonhydrostatic model derived by Stelling and Zijlema 14 (2003) . The theoretical analysis shows that the model can satisfactorily interpret the 15 dispersity for linear waves but presents evident divergence for nonlinear solutions 16 even when kd → 0. A generalized depth-integrated nonhydrostatic formulation using 17 arbitrary elevation as a variable is then derived and analyzed to examine the effects of 18 neglecting advective and diffusive nonlinear terms in the previous studies and explore 19 possible improvements in numerical solutions for wave propagation. Compared with 20 the previous studies, the new generalized formulation exhibits similar dispersion 21 relationship and improved shoaling effect. However, no significant improvement is 22 presented for the nonlinear properties, indicating that retaining neglected nonlinear 23 terms may not significantly improve the nonlinear performance of the nonhydrostatic 24 model. Further analysis shows that the nonlinear properties of the depth-integrated 25 nonhydrostatic formulation may be improved by defining variables at one-third of the 26 still water level. However, such an improvement comes at the price of decreasing 27 accuracy in describing dispersion and shoaling properties.
Accuracy of depth-integrated nonhydrostatic wave models
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7
In developing nonhydrostatic models, the fractional step procedure, i.e. the 8 hydrostatic step and nonhydrostatic step, is usually employed to solve the 9 depth-integrated nonhydrostatic shallow water equations. The nonhydrostatic pressure 10 terms are dropped in the hydrostatic step and so the classical nonlinear shallow water 11 equations are solved; the nonhydrostatic pressure effect is subsequently considered in 12 the following nonhydrostatic step using most commonly a finite difference approach. 
15
The bottom boundary condition requires In this section the depth-integrated nonhydrostatic model proposed by Stelling and 20 Zijlema (2003) is re-derived, followed by the analysis of its linear and nonlinear 21 properties. incorporated with the Keller-box method may be expressed as Integrating the continuity equation (4) from the bottom to the free surface and using 9 the Leibniz rule leads to
Applying the kinematic condition (7) and the bottom condition (8) gives
13 with the depth-integrated horizontal velocities ū and v defined as With the kinematic conditions (6) and (7) and the bottom condition (8), the horizontal 20 momentum equation (1) may be integrated over the total water depth to give
where the Leibniz rule has also been applied. 23 The integrals of the nonlinear terms in Eq. (17) may be obtained from Eqs. (9) 
The second terms in the right-hand side of Eqs. (18) and (19) are the dispersion terms 4 resulting from the vertical non-uniformities of the flow velocity. These terms are 5 considered to be diffusion in common practice and directly neglected in the model 6 reported by Stelling and Zijlema (2003) .
Substituting the dispersion-free (i.e. neglecting the dispersion terms) Eqs. (18) and (19) 26 21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 8 They declared that the resulting model matched the measured data better than the 1 model without vertical convective terms, especially for strongly nonlinear waves. 2 However, no theoretical validation was presented to support their conclusion. 3 The continuity equation (4) This essentially uses the depth-integrated velocities to represent the velocities at the 9 bottom, which may introduce model error for the shoaling effect. 10 As a summary, Eqs. (14), (20), (21), (23) and (24) are the governing equations of the 11 considered depth-integrated nonhydrostatic model for free-surface water waves, and 12 Eq. (25) is the corresponding boundary condition. 22 where the small perturbation parameter ε may be commonly considered as the wave 23 slope defined as ε = ka with k and a respectively being the wavenumber amplitude; a
, p (i) are real functions; ω is the circular frequency; and the 25 superscripts 1, 2 and 3 denote the first-, second-and third-order solutions, respectively.
26
In order to avoid singular unbounded solutions at the third order, the frequency and 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65   9 first order solutions are expanded 13  1  1  13  1  1  13  2  2  2   1  1  13  1  1  13  22   1 , 27 Following the procedure adopted by Madsen and Sørensen (1992), we seek solutions 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 
Derivation of the governing equations
17
In this section, we use the Taylor-series-type expansion to relate the different velocity 18 variables, and derive a new one-layer depth-integrated nonhydrostatic model. In 8 Using the irrotationality conditions in (54), Eq. (49) may be rewritten as 
where the continuity equation (4) and the irrotational conditions (54) have been 16 applied.
The partial derivatives in Eqs. (55) - (58) 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 65
In the above derivation, the products of the horizontal bottom gradients are neglected, 8 indicating that the resulting formulation is restricted to applications with slowly 9 varying bottom. 10 Subsequently, the velocities and nonhydrostatic pressure can be expressed as
The dynamic boundary condition (6) 
Integrating the continuity equation (4) from the bottom to the free surface, applying 4 the Leibniz rule, and combining the kinematic condition (7) and the bottom condition )   13   where   141  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 65 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 After that, the solution diverges rapidly from the exact solution. 9 To investigate the effects of neglecting advective and diffusive nonlinear terms, a 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65   21 application range is a direct result of the assumption of linearly varying velocities and 1 nonhydrostatic pressure in the vertical direction. The quadratic-over-depth flow 2 kinematics may be used to extend the range of applicability of the model, which 3 deserves further study. 4 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63 
